We study the time and space resolved dynamics of a qubit with an Ohmic coupling to propagating 1D photons, from weak coupling to the ultrastrong coupling regime. A nonperturbative study based on Matrix Product States (MPS) shows the following results: (i) The ground state of the combined systems contains excitations of both the qubit and the surrounding bosonic field. (ii) An initially excited qubit equilibrates through spontaneous emission to a state, which under certain conditions, is locally close to that ground state, both in the qubit and the field. (iii) The resonances of the combined qubit-photon system match those of the spontaneous emission process and also the predictions of the adiabatic renormalization [A. J. Leggett et al, Rev. Mod. Phys. 59, 1, (1987)]. Finally, a non-perturbative ab-initio calculations show that this physics can be studied using a flux qubit galvanically coupled to a superconducting transmission line.
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PACS numbers: Unknown
Recently achieved in experiments with superconducting circuits [1, 2] , polaritons [3, 4] and two-dimensional electron gases [5] , Utra-Strong Coupling (USC) is usually linked to the study of discrete systems interacting with cavities, where it is defined as the coupling strength at which counterrotating terms become relevant, the number of excitations (photons) is not conserved and the Rotating Wave Approximation (RWA) breaks down.
We will extend the notion of USC to free space, describing superconducting qubits in open transmission lines. For that we model the atom-light interaction with the spin-boson (SB) Hamiltonian [6] 
This contains a quasi-continuum of frequencies for the propagating photons, ω k , a two-level system for the superconducting qubit, ω at , and a realistic set of coupling strengths u k for the specific qubit type. As in the interrupted transmission line [7] , the qubit-line system belongs to the Ohmic regime, with a linear spectral function
The parameter α = 2(g eff /ω at ) 2 quantifies the strength of the SB coupling, but it is also related to the coupling g eff between the qubit and a resonant cavity made from the same transmission line. While USC effects will be shown in this work for α 0.1 or g eff /ω at 25%, a drastic change in the dynamics is observed at the point α = 1/2 (g eff /ω at = 50%) at which both non-Markovian and non-RWA effects become relevant in free space.
The goal of this work is precisely to develop theoretical tools for studying the relaxation and scattering dynamics of a superconducting qubit in an open line, in all coupling regimes -weak, USC and beyond. A proper description of such ongoing and future experiments [8] [9] [10] [11] demands theoretical tools that study simultaneously the dynamics of the qubits and the bosons, both in time and space, accurately -i.e. without tracing out the line or applying ad-hoc decoupling schemes-. This goal is achieved using customized MPS numerical methods that merge ideas from the quantum impurity ansatz [12] , Matrix Product Operators [13] and mixed time evolution methods [14] . Our methods rely on the coupled resonator model for the 1D transmission line. Thus, unlike logarithmic discretizations in energy space NRG [15] [16] [17] or polynomial discretization MPS [18] , we strive for precise representations of real space observables, such as the distribution of photons, propagating wave packets or correlations.
A summary of the main results is as follows. We start by computing the vacuum photon fluctuations that arise from the squeezing in the lumped element model, together with the nonlocal distribution of photons that arises when we ultrastrongly couple the qubit to the transmission line. This distribution of photons is different for charge and flux qubits, the later being more delocalized. Next, we study the dynamics of a qubit which is initially excited and which is suddenly coupled to the transmission line. The MPS simulations reveal how the qubit relaxes towards the joint qubit-line ground state by spontaneously emitting a photon that travels away, leaving part of the system in a quasi-stationary state. The qubit-line system, though a closed system, seems to provide a bath for its own equilibration, where the bath are the far away extremes of the line. Nevertheless, in frequency space this equilibration is not obvious, due to the presence of the spontaneously emitted photon, whose frequency shows excellent agreement with adiabatic renormalization theory [6] the same resonance, which could be identified from scattering experiments [8] [9] [10] [11] and correlation functions [11] . Finally, we develop an ab-initio theoretical model for the coupling strength between a flux qubit interacting and an open transmission line. Unlike Ref. [19] our model is non-perturbative proves that, using parameters from ordinary transmission lines and three-junction qubits, it is possible to achieve all coupling regimes of the SB model, making this a suitable platform to test our predictions.
We write the interaction between a two-level system and a one-dimensional waveguide of photons as
In a superconducting circuit, x i and p i are the flux and charge variables, respectively; the set of coupled oscillators is the equivalent circuit for a transmission line [20, 21] and the coupling will be O p = p 0 or O x = x 1 −x 0 , for charge and flux qubits, respectively [22] . Since the ground state squeezing prevents an efficient MPS description in real space [23] , we work in frequency space (1) using the open boundary conditions modes of a chain of length L, with quasimomentum k = π L+1 × {1 . . . L} and spectrum ω k = ω 0 2 − 2 cos(k). Note that we still may recover expectation values of the x i and p i operators using the new Fock operators, a k , and an orthogonal change of basis. Also note that the SB model is characterized by the ultraviolet cut-off ω c = √ 2ω 0 and a parameter α (2) that can be inferred from a linear fit to the spectrum.
We write any physical state in the MPS form as
where s = 0, 1 is the qubit state and n i ∈ 0, 1, . . . , n max is the photon occupation number of the different modes. Splitting the Hamiltonian as H = H 0 + gH I , time evolution is approximated using a Trotter formula
with a sufficiently small time step ∆t = t/N . This decomposition has an associated MPS algorithm where evo- All instances relax to the Bloch vector of the qubit in the ground state. For small values of g, however, the relaxation rate decreases as g 2 and the excited state probability is a Gaussian.
lution with H 0 is exact and evolution with H I is approximated using an Arnoldi method [14] , with small truncation errors to preserve the MPS form with a small bond dimension, χ = max s,i dim A s i ∼ 10 − 40. We compute the ground state through imaginary time evolution as lim τ →∞ |ψ(−iτ ) , finding that for any coupling g the qubit has some excitation probability P z = 1 2 ( σ z + 1) [ Fig. 2b ] and the squeezed vacuum polarizes with a nonzero number of photons per site [ Fig. 1 ]. This polarization is evident at ω at = 0, where the ground state becomes a Schroedinger cat with two possible qubit states and a product of displaced coherent states
that cause a nonzero population of the bosonic modes
When we use this ansatz in position space, the distortion is most nonlocal for the O x coupling. In this case the number of photons per local oscillator departs from the vacuum fluctuations all along the line [ Fig. 1 ] and the line develops a stationary but small current, I ∝ x i+1 − x i , directed towards the qubit.
We have studied the spontaneous emission from an excited qubit which is suddenly coupled to the line |ψ(0) = |s z = 1 ⊗ k |n k = 0 . We have found that after a sufficiently long time the state of the system consists of a travelling photon far at the edges of the line, plus a region of the line whose local observables equilibrated together with the qubit. This is first seen for the qubit, whose excitation probability P z , relaxes to that of the combined qubit-line ground state, as shown in Fig. 2b . In the weak and strong coupling limits, α < 0.1, the relaxation rate is obtained from a master equation, γ = J(ω)/2 ∝ g 2 . For g → 0, the rate slows down and we find the Gaussian in Fig. 2b . For α > 0.1, radiative decay has to be corrected with an asymptotic excitation probability. Finally, for α > 1/2 the excited state population relaxes even faster to the ground state value, within a timescale ∼ 1/ω at , deviating from the Markovian law.
At the same time that the qubit equilibrates, so do the photons. We have computed the distribution of photons in frequency space, n k = a † k a k , a long time after the photons are emitted [Fig. 3a] . The distribution basically consists on one (or less) extra photons imprinted on top of the state of the line in presence of a qubit. For weak coupling, α < 0.5, the ground state contains almost no photons and the emitted radiation peaks around
the resonance estimated in Ref. [6] . For stronger interactions the emitted photon is completely spread in frequency space and n k is close to the result from Eq. (6). A similar analysis can be done in position space, now studying ψ(t)|n i |ψ(t) − ψ(0)|n i |ψ(0) , the difference between the number of photon per oscillator at times t and zero. This is shown in Fig. 4a for O p coupling. Note how the travelling photon departs from the qubit leaving the two-level system and its environment in a local state that is close to the ground state. The qubitline system, though a closed system, seems to provide a bath for its own equilibration, where the bath are the far away extremes of the line. Naturally, this equilibration is incomplete, as finite size effects give rise to revivals due to the photon reflection at the borders, but it is far from obvious that this finite time equilibration works beyond weak system-bath coupling regime. Remarkably, for all values of the coupling, we still find that the spontaneous emission properties dictate the efficiency of a photon absorption process. In other words, the effective frequency ω eff also corresponds to the resonances of the qubit-line system when driven by external photons. We have verified this by studying the interaction of the qubit with a single incident photon. As shown in Fig. 4b , a photon of frequency ω is absorbed and reflected by the qubit after a finite interaction time, a process whose efficiency peaks around ω ∼ ω eff [ Fig.  3a] . Above α = 0.5, the collision is too broad in time and space, preventing the study of scattering coefficients.
Adding a symmetry breaking perturbation, εσ x /2, to (3) allows us to distinguish different thermalization regimes. The latter can be characterized by the susceptibility in the stationary state, χ x = ∂P x (t → ∞)/∂ε, with P x the probability to stay in |1 after spontaneous emission. If α < 1/2, the steady-state susceptibility, χ x , matches the ground-state susceptibility of the SB model [7] . This result agrees with the fact that in the perturbative regime a Markovian process cools the qubit to the bath temperature. The range 1/2 < α < 1 corresponds to the antiferromagnetic Kondo phase [6] , where the Markovian picture breaks down. Here we find that χ x departs from the ground-state value. Finally, in the range α > 1, the systems is in the localization phase, such that the qubit dynamics gets frozen and χ x vanishes. We will now discuss how to physically implement the previous model and simulations using a JJ-based qubit in an open transmission line. In previous works [19] , it was shown that a qubit can be ultrastrongly coupled to a microwave resonator through a derivation that is perturbative in the line-qubit interaction. Instead we now study the qubit as one more element in the discretized transmission line and show that the coupling strength can be obtained non-perturbatively by studying the transmission line and the qubit separately.
Following the setup in Fig. 6a we regard the qubit as a black-box element coupled to an interrupted resonator. We express the full Lagrangian L = L LC + L int + L qb in terms of oscillator φ ± := 1 2 (φ R ± φ L ), and qubit variables
Note the renormalizing effect of the coupling on the qubit, and the simple form of the interaction. In practical examples ϕ + will not form part of the qubit, but will lock to the oscillator degrees of freedom. We will be thus left with only one operator ϕ − that couples only to the antisymmetric mode as in Ref. [19] . Estimating the coupling amounts to computing the matrix elements of {ϕ − , φ − } in the resonator and qubit basis. For this we approximate ϕ − as a combination of exponentials up to 7-th order, ϕ − We have studied the photon-qubit coupling using this model together with a 3-JJ flux qubit and a typical transmission line. As shown in Fig. 6b , the flux qubit can reach the ultrastrong coupling strength for a moderate value of the small qubit size. These results also show that the coupling strength can be changed using tunable gap qubits that change the effective value of the middle junction [24] [25] [26] . This would allow moving in and out of the ultrastrong coupling regime, with the aim of preparing the qubit in excited states and performing the rapid quenches that are needed to do the spontaneous emission experiments. Finally, the same method confirms that the 4-JJ qubit does not achieve a better coupling, and that even an ordinary transmission line can be used for this purpose: there is no substantial need for a constriction, except a fabrication convenience for the embedded qubit.
Summing up, in this work we have shown that a flux qubit coupled to an open transmission line implements a quantum simulation of the SB model in the Ohmic regime, with a sufficient range of couplings to cover all regimes: weak, strong, ultrastrong and localization phase. We have developed a numerical method to simulate the physics of such a qubit in the transmission line, including ground state properties, relaxation of the qubit-line system through spontaneous emission, dynamical susceptibility properties and absorption properties. While the numerical methods provide sufficient quantitative evidence and are consistent with some earlier theoretical predictions, an experiment with superconducting qubits would be the only means to provide a definitive confirmation to some of the predictions shown in this work. The methods put forward in this manuscript will allow the study of more complicated systems, such as the correlation functions [11] and nonlinear scattering phases [10] of travelling photons interacting with one or more superconducting qubits, or the effective interactions and entanglement dynamics of qubit ensembles in open trans-
